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Abstract

We considerhow to forgeta setof atomsin a logic
program.Intuitively, whenasetof atomsis forgot-
tenfrom alogicprogram,all atomsin thesetshould
beeliminatedfrom this programin someway, and
otheratomsrelatedto themin the programmight
alsobe affected. We de�ne notionsof strongand
weakforgettingsin logic programsto capturesuch
intuition andreveal their closeconnectionsto the
notion of forgettingin classicalpropositionalthe-
ories. Basedon thesenotions,we thenproposea
framework for con�ict solving in logic programs,
which is generalenoughto representmany impor-
tantcon�ict solvingproblems.We alsostudysome
essentialsemanticandcomputationalpropertiesin
relationto strongandweakforgettingsandcon�ict
solvingin our framework.

1 Intr oduction
Onepromisingapproachin the researchof reasoningabout
knowledgedynamicsis to representagents'knowledgebases
aslogic programsonwhich necessaryupdatesareconducted
asa way to modelagents'knowledgeevolution. A key issue
in this studyis to solve variouscon�icts andinconsistencies
in logic programs,e.g. [Leite,2003].

While different logic program updateapproacheshave
beendevelopedrecently, we observe that sometypical con-
�ict solvingproblemsin logic programshave yet to bethor-
oughly investigatedin the literature. Let us considera sce-
nario. JohnwantsSueto help him to completehis assign-
ment.He knows thatSuewill helphim if sheis not sobusy.
Tom is a goodfriend of JohnandwantsJohnto let him copy
John'sassignment.ThenJohnalsolearnsthatSuehatesTom,
and will not help him if he lets Tom copy his assignment,
which will becompletedunderSue's help. While Johndoes
not carewhetherSuehatesTom or not, he hasto consider
Sue's conditionto offer him help. Whatis Johngoingto do?
We formalize this scenarioin a logic programmingsetting.
John'sknowledgebase� J :

r1 : Complete(J ohn; Assignment )  
H elp(Sue;J ohn),

r2 : H elp(Sue;J ohn)  not B usy(Sue),

r3 : Goodf r iend(J ohn; Tom)  ,
r4 : Copy(Tom;Assignment )  

Goodf r iend(J ohn; Tom),
Complete(J ohn; Assignment ),

andSue'sknowledgebase� S :

r5: H ate(Sue;Tom)  ,
r6:  H elp(Sue;J ohn); Copy(Tom;Assignment ).

In order to take Sue's knowledgebaseinto account,sup-
poseJohnupdateshis knowledgebase� J in termsof Sue's
� S . By applyingproperlogic programupdateapproach,John
mayobtainasolution:� f inal

J = f r1; r2; r3; r5; r6g or its sta-
ble model,from which we know thatSue will helpJ ohn to
completetheassignmentandJ ohn will not let Tom copy his
assignment.Although the con�ict between� J and� S has
beensolved by updating,the result is somehow not always
satisfactory. For instance,while JohnwantsSueto helphim,
he may have no interestat all in integratingthe information
thatSuehatesTom into hisnew knowledgebase.

As an alternative, Johnmay just weaken his knowledge
baseby forgettingatomCopy(Tom;Assignment ) from � J
in order to accommodateSue's constraint. ThenJohnmay
have a new program� f inal

J = f r1; r2; r3g - Johnremains
a maximalknowledgesubsetwhich is consistentwith Sue's
condition without being involved in Sue's personalfeeling
aboutTom.

The formal notion of forgetting in propositionaltheories
wasinitially consideredby Lin andReiter from a cognitive
roboticsperspective [Lin andReiter, 1994] andhasrecently
received a great attentionin KR community. It has been
shown thatthetheoryof forgettinghasimportantapplications
in solvingknowledgebaseinconsistencies,belief updateand
merging, abductive reasoning,causal theoriesof actions,
andreasoningaboutknowledgeundervariouspropositional
(modal) logic frameworks, e.g. [Lang and Marquis, 2002;
Langet al., 2003;Lin, 2001;Suet al., 2004].

In thispaper, weconsiderhow to forgetasetof atomsfrom
a propositionalnormallogic programandhow this ideacan
beusedin generalcon�ict solvingunderthecontext of logic
programs. Therestof thispaperis organizedasfollows. We
presentpreliminaryde�nitions andconceptsin section2. In
section3, we give formal de�nitions of strongandweakfor-
gettingsin logic programs.Basedonthesenotions,in section
4, we proposea framework calledlogic programcontexts for



generalcon�ict solving in logic programs.In section5, we
investigaterelatedsemanticandcomputationalproperties.In
section6 we concludethepaperwith somediscussions.

2 Preliminaries
We consider�nite propositionalnormal logic programsin
whicheachrulehastheform:

a  b1; � � � ; bm ; not c1; � � � ; not cn (1)

where a is either a propositional atom or empty, and
b1; � � � ; bm , c1; � � � ; cn are propositionalatoms. When a is
empty, rule (1) is calleda constraint. Given a rule r of the
form (1), we denotehead(r ) = f ag, pos(r ) = f b1; � � � ; bm g
andneg(r ) = f c1; � � � ; cn g, andtherefore,rule (1) may be
representedastheform:

head(r )  pos(r ); not neg(r ): (2)

We also use Atom(r ) to denotethe set of all atomsoc-
curring in rule r . For a program � , we de�ne notions
head(�) =

S
r 2 � head(r ), pos(�) =

S
r 2 � pos(r ),

neg(�) =
S

r 2 � neg(r ), Atom(�) the set of all proposi-
tional atomsoccurringin program� . Givensetsof atomsP
andQ, wemayusenotion

r 0 : head(r )  (pos(r ) � P); not (neg(r ) � Q)

to denoterule r 0 obtainedfrom r by removing all atomsoc-
curringin P andQ in thepositiveandnegationasfailureparts
respectively.

The stablemodel of a program� is de�ned as follows.
Firstly, we consider� to be a programin which eachrule
doesnot containnegationasfailuresignnot . A �nite setS
of propositionalatomsis calleda stablemodelof � if S is
thesmallestsetsuchthatfor eachrule a  b1; � � � ; bm from
� , if b1; � � � ; bm 2 S, thena 2 S. Now let � beanarbitrary
normallogic program.For any setS of atoms,program� S

is obtainedfrom � by deleting(1) eachrule from � thatcon-
tainsnot c in thebodyandc 2 S; and(2) all formsof not c
in thebodiesof theremainingrules.ThenS is astablemodel
of � if andonly if S is a stablemodelof � S . A program
may have one,morethanone,or no stablemodelsat all. A
programis calledconsistentif it hasa stablemodel. We say
thatanatoma is entailedfrom program� , denotedas� j= a
if a is in everystablemodelof � .

Giventwo programs� 1 and� 2. � 1 and� 2 areequivalent
if � 1 and� 2 have the samestablemodels. � 1 and� 2 are
called strongly equivalentif for every program� , � 1 [ �
and� 2 [ � areequivalent[Lifschitz etal., 2001].
Observation: Let � bea logic program.If eachrule r in �
is of oneof the following two forms: (1) head(r ) 6= ; and
head(r ) � pos(r ), or (2) pos(r ) \ neg(r ) 6= ; , then� is
stronglyequivalentto theemptyset.

For a later reference,we call the two typesof rulesmen-
tionedaboveredundantrules.

Let � bea logic program.We use[�] C to denotethecon-
junctive normal form obtainedfrom � by translatingeach
ruleof theform (1) in � in to theclause:a_ : b1 _ � � �_ : bm _
c1 _ � � � _ cn . For instance,if � = f a  not b;c  ag, then
wehave[�] C = (a _ b) ^ (c_ : a). In general,wemaywrite
[�] C = f C1; � � � ; Cn g whereeachCi is a conjunctof [�] C .

If Ci is a clause,we call any subformulaof Ci a subclause
of Ci .

Now we introducethe notion of forgetting in a classical
propositionaltheory[Lin andReiter, 1994;Lin, 2001]. Let T
bepropositionaltheory. We useT(p=true) (or T(p=f alse),
resp.)to denotethetheoryobtainedfrom T by substitutingall
occurrencesof propositionalatomp with true(or false, resp.).
For instance,if T = f p � q; (q^ r ) � sg, thenT(q=tr ue) =
f r � sg andT(q=f alse) = f: pg. Thenwe cande�ne the
notionof forgettingin termsof a propositionaltheory. For a
givenpropositionaltheoryT andasetof propositionalatoms
P, theresultof forgettingP in T , denotedasF orget(T; P),
is de�ned inductively asfollows:

Forget(T; ; ) = T ,
Forget(T; f pg) = T(p=true) _ T(p=f alse),
Forget(T; P [ f pg) = Forget(Forget(T; f pg); P).

It is easyto seethat theorderingin which atomsin P are
considereddoesnotaffectthe�nal resultof forgettingP from
T. ConsiderT = f p � q; (q^ r ) � sg again.Fromtheabove
de�nition, wehaveForget(T; f qg) = f (r � s) _ : pg.

3 Strong and WeakForgettingsin Logic
Programs

Let usconsiderhow to forgetasetof atomsfrom a logic pro-
gram. Intuitively, we would expectthatafter forgettinga set
of atoms,all occurrencesof theseatomsin the underlying
programshouldbe eliminatedin someway, and moreover,
otheratomshaving connectionsto themthroughrulesin the
programmightalsobeaffected.Weobservethatthenotionof
forgettingin propositionaltheoriesis not applicableto logic
programssincethereis nodisjunctiveoperationfor logic pro-
grams.Further, differentwaysof handlingnegationasfailure
in forgettingmay also lead to different resultingprograms.
To formalizeour ideaof forgettingin logic programs,we�rst
introducea programtransformationcalledreduction.

De�nition 1 (Program reduction) Let � bea programand
p an atom. We de�ne the reductionof � with respectto p,
denotedasReduct(� ; f pg), to bea programobtainedfrom�
by(1) for each rule r with head(r ) = p andeach rule r 0 with
p 2 pos(r 0), replacingr 0 with a new rule r 00 : head(r 0)  
(pos(r ) [ pos(r 0) � f pg); not (neg(r ) [ neg(r 0)) ; (2) if there
is such rule r 0 in � andhasbeenreplacedby r 00in (1), then
removing rule r from the remainingprogram. Let P be a
setof atoms. Thenthe reductionof � with respectto P is
inductivelyde�nedasfollows:

Reduct(� ; ; ) = � ,
Reduct(� ; P [ f pg) = Reduct(Reduct(� ; f pg); P).

Note that in our programreductionde�nition, step(1) is
thesameaslogic programunfolding[BrassandDix, 1999].
While unfoldingis to eliminatepositive bodyoccurrencesof
an atomin a logic program,the reduction,on otherhand,is
furtherto removethoseruleswith headsof this atom.

Example1 Let � 1 = f a  not b;a  d;c  a; not eg,
� 2 = f a  c;not b;c  not dg, and � 3 = f a  
b;b  not d;c  a; not eg. Then Reduct(� 1; f ag) =
f c  not b;not e;c  d;not eg, Reduct(� 2; f ag) = � 2,
andReduct(� 3; f a; bg) = f c  not d;not eg. �



De�nition 2 (Strong forgetting) Let � bea logic program,
and p an atom. We de�ne a program to be the result of
strongly forgettingp in � , denotedas SForgetLP(� ; f pg),
if it is obtainedfromthefollowing transformation:

1. � 0 = Reduct(� ; f pg);
2. � 0 = � 0 � f r j r is a redundantruleg;
3. � 0 = � 0 � f r j head(r ) = pg;
4. � 0 = � 0 � f r j p 2 pos(r )g;
5. � 0 = � 0 � f r j p 2 neg(r )g;
6. SForgetLP(� ; f pg) = � 0.

Let us take a closerlook at De�nition 2. Step1 is just to
performreductionon � with respectto atomp. This is to re-
placethosepositivebodyoccurrencesof p in ruleswith other
ruleshaving p asthehead.Step2 is to removeall redundant
ruleswhichmaybeintroducedby thereductionof � with re-
spectto p. FromProposition??, we know that this doesnot
changeanything in theprogram.Steps3 and4 areto remove
thoseruleswhich have p astheheador in thepositive body.
Note that after Steps1 and2, theredoesnot exist any pair
of rulesr andr 0 suchthathead(r ) = f pg andp 2 pos(r 0).
Thenthe intuitive meaningof Steps3 and4 is thatafter for-
gettingp, any atom's informationin ruleshaving p as their
headsor positive bodieswill be lost becausethey areall rel-
evant to p, i.e. theseatomseither serve as a supportfor p
or p is in part of thesupportsfor theseatoms.On theother
hand,Step5 statesthatany rulecontainingp in its negationas
failurepartwill bealsoremoved. Theconsiderationfor this
stepis asfollows. If we think neg(r ) is a partof supportof
head(r ), thenwhenp 2 neg(r ) is forgotten,head(r )'s en-
tire supportis lostaswell. Clearly, suchtreatmentof negation
asfailure in forgettingis quitestrongin thesensethatmore
atomsmaybelost togetherwith not p. Thereforewecall this
kind of forgettingstrongforgetting.

With a differentway of dealingwith negationas failure,
we have a weak version of forgetting. We de�ne a pro-
gram to be the result of weaklyforgetting p in � , denoted
asWForgetLP(� ; f pg), exactly in thesameway asin De�-
nition 2 exceptthatStep5 is replacedby thefollowing step:

� 0 = (� 0 � � � ) [ � y, where
� � = f r j p 2 neg(r )g and� y = f r 0 j r 0 : head(r )  

pos(r ); not (neg(r ) � f pg) wherer 2 � � g.
Supposewe have a rule like r : head(r )  pos(r ),

not neg(r ) wherep 2 neg(r ). Insteadof viewing neg(r )
aspartof thesupportof head(r ), we maytreatit asadefault
evidenceof head(r ), i.e. underthe conditionof pos(r ), if
all atomsin neg(r ) arenot presented,thenhead(r ) canbe
derived. Therefore,forgettingp will resultin theabsenceof
p in any case. So r may be replacedby r 0 : head(r )  
pos(r ); not (neg(r ) � f pg).

Strongandweakforgettingscanbeeasilyextendedto the
caseof asetof atoms:

SForgetLP(� ; ; ) = � ,
SForgetLP(� ; P [ f pg) =

SForgetLP(SForgetLP(� ; f pg); P),
andWForgetLP(� ; P) is de�ned accordingly. The follow-
ing propositionensuresthatour strongandweakforgettings
in logic programsarewell de�ned understrongequivalence.

Proposition1 Let � bea logic programandp;q two propo-
sitionalatoms.Then

1. SForgetLP(SForgetLP(� ; f pg); f qg) is strongly
equivalentto SForgetLP(SForgetLP(� ; f qg); f pg);

2. WForgetLP(WForgetLP(� ; f pg); f qg) is strongly
equivalentto WForgetLP(WForgetLP(� ; f qg); f pg).

Example2 Let � = f b  a; c; d  not a; e  not f g.
Thenwe haveSForgetLP(� ; f ag) = f e  not f g, and
WForgetLP(� ; f ag) = f d  ; e  not f g. Now we
considerForget([�] C ; f ag), which is logically equivalent
to formula (b _ : c _ d) ^ (f _ e). Then it is clear that
j= Forget([�] C ; f ag) � [SForgetLP(� ; f ag)]C , and
j= [WForgetLP(� ; f ag)]C � Forget([�] C ; f ag). �

The above examplemotivatesus to examine the deeper
relationshipsbetweenstrongand weak forgettingsin logic
programsand forgetting in propositionaltheories. Let �
be a program and L a clause, i.e. L = l1 _ � � � _ lk
whereeachl i is a propositionalliteral. We saythatL is � -
coherent if thereexists a subset� 0 of � anda setof atoms
P � Atom(�) (P could be empty) suchthat L is a sub-
clauseof [Reduct(� 0; P)]C (i.e. [Reduct(� 0; P)]C is a sin-
gle clause). The intuition behind this notion is to specify
thoseclausesthat are partsof clausesgeneratedfrom pro-
gram � throughreduction. Considerprogram� = f a  
b;d  a; not c;e  not dg. Claused _ b is � -coherent,
whereclause: d _ e is not. Obviously, for eachrule r 2 � ,
[f r g]C is � -coherent.The following propositionprovidesa
semanticaccountfor � -coherentclauses.
Proposition2 Let � be a program and L a � -coherent
clause. Theneither j= [�] C � L or j= L � � for some
clause� where j= [�] C � � .
De�nition 3 Let � be a logic program, ' , ' 1 and ' 2 three
propositionalformulaswhere ' 1 and ' 2 are in conjunctive
normalforms.

1. ' 1 is calleda consequenceof ' with respectto � if j=
' � ' 1 and each conjunctof ' 1 is � -coherent. ' 1 is
a strongestconsequenceof ' with respectto � if ' 1 is
a consequenceof ' with respectto � and there does
not exist anotherconsequence' 0

1 of ' (' 0
1 6� ' 1) with

respectto � such that j= ' 0
1 � ' 1.

2. ' 2 is calleda premissof ' with respectto � if j= ' 2 �
' andeach conjunctof ' 2 is � -coherent. ' 2 is a weak-
est premissof ' with respectto � if ' 2 is a premiss
of ' with respectto � and there doesnot exist another
premiss' 0

2 of ' (' 0
2 6� ' 2) with respectto � such that

j= ' 2 � ' 0
2.

Example3 (Example 2 continued) It is easy to verify
that [SForgetLP(� ; f ag)]C is a strongestconsequenceof
Forget([�] C ; f ag) and[WForgetLP(� ; f ag)]C is aweakest
premissof Forget([�] C ; f ag). In fact,thefollowing theorem
con�rms thatthis is alwaystrue. �
Theorem1 Let � be a logic program and P a set
of atoms. Then [SForgetLP(� ; P)]C is a strongest
consequenceof Forget([�] C ; P) with respect to �
and [WForgetLP(� ; P)]C is a weakest premiss of
Forget([�] C ; P) with respectto � .



Theorem1 actuallyprovidesa precisesemanticcharacter-
ization for strongandweakforgettingsin logic programsin
termsof the forgettingnotion in the correspondingproposi-
tional theory.

4 Solving Con�icts in Logic Program
Contexts

In this section,we de�ne a generalframework called logic
programcontext to representaknowledgesystemwhichcon-
sistsof multiple agents'knowledgebases.We considerthe
issueof con�icts occurringin thereasoningwithin theunder-
lying logic programcontext. As we will show, thenotionsof
strongandweakforgettingsprovideaneffectivewayto solve
suchcon�icts.

De�nition 4 (Logic programcontext) A logic programcon-
text is a n-ary tuple � = (� 1; � � � ; � n ), where each � i is a
triplet (� i ; Ci ; F i ) - � i and Ci are two logic programs,and
F i � Atom(� i ) is a setof atoms.We alsocall each � i the
i th componentof � . � is consistentif for each i , � i [ Ci is
consistent.� is con�ict-free if for any i and j , � i [ Cj is
consistent.

In theabove de�nition, for a given logic programcontext
� , eachcomponent� i representsagenti 's local situation,
where� i isagenti 'sknowledgebase,Ci is asetof constraints
thatagenti shouldcomply andwill not changein any case,
andF i is a setof atomsthatagenti mayforgetif necessary.
To simplify ourfollowingdiscussion,weassumethatfor each
component� i , thecorrespondingagent'sknowledgebase� i
doesnotcontainconstraints(i.e. ruleswith emptyheads).Al-
ternativelysuchconstraintswill becontainedin theconstraint
setCi thoughCi mayalsocontainruleswith nonemptyheads.

Now the problem of con�ict solving under this setting
can be statedas follows: given a logic program context
� = (� 1; � � � ; � n ), which maynot beconsistentor con�ict-
free, how can we �nd an alternative logic programcontext
� 0 = (� 0

1; � � � ; � 0
n ) suchthat� 0 is con�ict-free andis closest

to theoriginal � in somesense?

De�nition 5 (Solution) Let � = (� 1; � � � ; � n ) be a logic
program context, where each � i = (� i ; Ci ; F i ). We call a
logic programcontext � 0 a solutionthatsolvescon�icts in � ,
if � 0 satis�esthefollowingconditions:

1. � 0 is con�ict-free;

2. � 0 = (� 0
1; � � � ; � 0

n ), where � 0
i = (� 0

i ; Ci ; F i ), and� 0
i =

SForgetLP(� i ; Pi ) or � 0
i = WForgetLP(� i ; Pi ) for

somePi � F i .

We denotethesetof all solutionsof � asSolution(�) .

De�nition 6 (Ordering on solutions) Let � , � 0 and � 00be
threelogic programcontexts,where � 0; � 002 Solution(�) .
We say that � 0 is closeror as close to � as � 00, denoted
as � 0 � � � 00, if for each i , � 0

i = (� 0
i ; Ci ; F i ) 2 � 0 and

� 00
i = (� 00

i ; Ci ; F i ) 2 � 00, where � 0
i = SForgetLP(� i ; Pi )

or � 0
i = WForgetLP(� i ; Pi ) for somePi � F i , and

� 00
i = SForgetLP(� i ; Qi ) or � 00

i = WForgetLP(� i ; Qi )
for someQi � F i respectively, wehavePi � Qi � F i . We
denote� 0 � � � 00if � 0 � � � 00and� 006�� � 0.

De�nition 7 (Preferredsolution) Let � and� 0betwologic
programcontexts.Wesaythat � 0 is a preferredsolutionof � ,
if � 0 2 Solution(�) and there doesnot exist another� 002
Solution(�) such that � 00� � � 0.

Example4 Let � = (� 1; � 2), where

� 1: � 2:
� 1: a  , � 2: c  ,

b  a; not c, d  not e,
d  a; not e, e  c,
f  d, f  d,

C1:  d;not f , C2:  b;not c,
 not d;not f , b  c,

F1: f a; b;cg, F 2: f a; b;c;d;e;f g.

It is easyto seethat � is consistentbut not con�ict-free
becauseneither � 1 [ C2 nor � 2 [ C1 is consistent. Now
considertwo logic programcontexts � 1 = (� 0

1; � 0
2) and

� 2 = (� 00
1 ; � 00

2 ), where

� 0
1 = (SForgetLP(� 1; f cg); C1; F1),

� 0
2 = (WForgetLP(� 2; f eg; C2; F2), and

� 00
1 = (WForgetLP(� 1; f a; cg); C1; F1),

� 00
2 = (WForgetLP(� 2; f eg; C2; F2).

It canbeveri�ed thatboth� 1 and� 2 aresolutionsof � , but
only � 1 is a preferredsolution.�

5 Semanticand Computational Properties
In this section,we studysomeimportantsemanticandcom-
putationalpropertiesin relation to strongand weak forget-
tingsandcon�ict solving.

5.1 SemanticCharacterizations
We observe that the consistency of program � does
not necessarilyimply a consistentSForgetLP(� ; P) or
WForgetLP(� ; P) for some set of atoms P, and vice
versa. For example,considerprogram� = f a  ; b  
not a; not bg, thenweakly forgettinga in � will resultin an
inconsistentprogramf b  not bg. Similarly, stronglyforget-
ting a from an inconsistentprogram� = f b  not a; c  
b;not cg will getaconsistentprogramf c  b;not cg.

To understandwhy this may happen,we �rst introduce
some notions. Given program � and a set of atoms P,
we specify two programsX and Y. ProgramX is a sub-
set of � containingthreetypesof rules in � : (1) for each
p 2 P, if p 62head(�) , thenrule r 2 � with p 2 pos(r )
is in X ; (2) for eachp 2 P, if p 62 pos(�) , then rule
r 2 � with head(r ) = f pg � X ; and (3) rule r 2 �
with neg(r ) \ P 6= ; but not of the types(1) and (2) is
also in X . Clearly, X containsthoserulesof � satisfying
Atom(r ) \ P 6= ; but will notbeaffectedby Reduct(� ; P).
Ontheotherhand,programY is obtainedasfollows: for each
rule r in X of the type (3), a replacementof r of the form:
r 0 : head(r )  pos(r ); not (neg(r ) � P) is in Y . It should
benotedthatbothX andY canbeobtainedin lineartime in
termsof thesizesof � andP.

Theorem2 Let � be a program and P a set of atoms. A
subsetS of atoms occurring in SForgetLP(� ; P) (or in
WForgetLP(� ; P)) is a stablemodelof SForgetLP(� ; P)



(or WForgetLP(� ; P) resp.) iff program� � X (or (� �
X ) [ Y resp.)hasa stablemodelS0 such thatS = S0 � P .

Theorem2 presentsaninterestingresult:givenprogram�
andsetof atomsP, althoughcomputingSForgetLP(� ; P) or
WForgetLP(� ; P) may needexponentialtime (seeSection
5.3), its stablemodels,however, can be computedthrough
someprogramthatis obtainedfrom � in lineartime.

Now we considertheexistenceof (preferred)solutionsfor
logic programcontexts in con�ict solving. It is easyto see
thatnotevery logic programcontext hasapreferredsolution.
For instance,� = (( f a  not ag; ; ; ; )) hasnosolution,and
hencehasno preferredsolutionneither. Thefollowing result
shows thattheexistenceof a � 's solutionalwaysimpliesthe
existenceof � 'spreferredsolution,andviceversa.

Theorem3 Let � bea logic programcontext. � hasa pre-
ferredsolutioniff Solution(�) 6= ; .

Althoughdecidingwhethera � hasa (preferred)solution
is NP-hard(seeTheorem6 in section5.3), we can identify
a fairly generalclassof logic programcontexts whosesolu-
tionsalwaysexist (weshowedin our full paperthatall major
logic programupdateapproachescanbetransformedinto the
following form of con�ict solvingcontext)..

Proposition3 Let � = (� 1; � � � ; � n ) be a logic program
context. If for each � i = (� i ; Ci ; F i ), Ci is consistent,and
for each r 2 � i , F i \ Atom(r ) 6= ; , thenSolution(�) 6= ; .

Proof: We show that � 0 = (� 0
1; � � � ; � 0

n ), where
� 0

i = (; ; Ci ; F i ) (1 � i � n) is a solution of � . Since
for eachi , F i \ Atom(r ) 6= ; for eachr 2 � i , we have
� 0

i = SForgetLP(� i ; F i ) = ; (note that this is because
we alreadyassumedthat � i doesnot containany ruleswith
emptyheads. Instead,this type of rule is containedin Ci ).
This follows that � 0

i [ Cj = Cj for all j = 1; � � � ; n arecon-
sistent.So(( ; ; C1; F1); � � � ; (; ; Cn ; Fn )) is asolutionof � . �

5.2 RepresentingLogic program Updates
Onemajoradvantageof theproposedframeworkof logic pro-
gram contexts is that it can representnew con�ict solving
scenariosfor which the traditionallogic programupdateap-
proachesmay not handleproperly, like theonediscussedin
section1 (or Example4). In fact, our framework canalso
representprevious logic programupdateapproaches.To il-
lustratethis, we take Sakamaand Inoue's updateapproach
[SakamaandInoue,1999] asanexample(notethatwe need
to restricttheir approachto a normallogic programsetting).

De�nition 8 [Sakamaand Inoue, 1999] Let � 1 and � 2 be
two consistentlogic programs. Program � 0 is a SI -result
of a theory updateof � 1 by � 2 if (1) � 0 is consistent,(2)
� 2 � � 0 � � 1 [ � 2, and (3) there is no other consistent
program� 00such that � 0 � � 00� � 1 [ � 2.

Now we transformSakamaandInoue's theoryupdateinto
alogic programcontext. First,for eachruler 2 � 1, weintro-
duceanew atoml r whichdoesnotoccurin Atom(� 1 [ � 2).
Then we de�ne a program � 0

1: for each r 2 � 1, rule
r 0 : head(r )  pos(r ); not (neg(r ) [ f l r g) is in � 0

1. That
is, for eachr 2 � 1, we simply extend its negative body
with a uniqueatom l r . This will make eachr 0 in � 0

1 be

removableby strongly forgettingatom l r without in�uenc-
ing otherrules. Finally, we specify� SI = (� 1; � 2), where
� 1 = (� 0

1; ; ; f l r j r 2 � 1g) and� 2 = (; ; � 2; ; ).
For convenience,we alsouse� � not P to denotea program

obtainedfrom � by removing all occurrencesof atomsin P
fromthenegativebodiesof all rulesin � . For instance,if � =
f a  b;notc ; not dg, then � � not f cg = f a  b;not dg.
Now we havethefollowing characterizationresult.

Theorem4 Let � 1 and� 2 betwo consistentprograms,and
� SI asspeci�edabove. � 0 is a SI -resultof updating� 1 by
� 2 iff � 0 = � � not f l r j r 2 � 1 g [ � 2, where � 0 = ((� ; ; ; f l r j
r 2 � 1g); (; ; � 2; ; )) is a preferredsolutionof � SI .

In our full paperwe have showedthatotherlogic program
updateapproachesdealingwith sequenceof programsinclud-
ing Eiteretal'scausalrejectionandDynamicLogicProgram-
ming [Eiter et al., 2002;Leite, 2003] canalsobe embedded
into our framework. In this sense,the logic programcontext
providesa uni�ed framework for logic programupdates.

5.3 Complexity Results
We assumethat readersare familiar with the complexity
classesof P, NP, coNP, � P

2 and� P
2 = co� P

2. The classof
DPcontainsall languagesL suchthatL = L 1 \ L 2 whereL 1
is in NPandL 2 is in coNP. The classcoDP is thecomple-
mentof classDP(readersrefer to [Papadimitriou,1994] for
furtherdetails).

We observethatthemaincomputationof strongandweak
forgettingsrelieson the procedureof reductionthat further
inherits the computationof programunfolding. Hence,in
generalcomputingstrongandweakforgettingmayneedex-
ponentialstepsof rulesubstitutionsin termsof thesizesof the
input programandthesetof forgottenatoms.However, the
following resultshows that theinferenceproblemassociated
to strongandweakforgettingsstill remainsin coNP.

Proposition4 Let � be a logic program,P a setof atoms,
anda an atom.ThendecidingwhetherSForgetLP(� ; P) j=
a (or WForgetLP(� ; P) j= a) is coNP-complete.

Proof: (Sketch) Thehardnessis followedby settingP = ; ,
andthemembershipcanbeprovedby usingTheorem2. �

Now we consider the complexity of irrelevance in re-
lation to strongand weak forgettingsand con�ict solving.
Fromasemanticviewpoint, theirrelevancetellsuswhethera
strong/weakforgettingor con�ict solvingprocedurewill af-
fect someparticularatomsoccurringin the underlyingpro-
grams.Hence,studyingits associatedcomputationalproper-
tiesis important.

De�nition 9 (Irr elevance) Let� bea logic program,P a set
of atoms,anda an atom. We saythat a is irrelevant to P in
� , if either � j= a iff SForgetLP(� ; P) j= a, or � j= a iff
WForgetLP(� ; P) j= a.

We generalizethe notion of irrelevanceto the logic pro-
gramcontext. Formally, let � bea logic programcontext and
a anatom,wesaythata is derivablefrom � 's i th component,
denotedas� j= i a, if � i = (� i ; Ci ; F i ) 2 � and� i j= a.



De�nition 10 (Irr elevance wrt logic program contexts)
Let � and � 0 be two logic program contexts where � 0 2
Solution(�) , anda anatom.We saythat a is irrelevantwith
respectto � and � 0 on their i th components,or simplysay
thata is (� ; � 0) i -irrelevant,if � j= i a iff � 0 j= i a.

Theorem5 Let � be a logic program, P a setof atoms,a
an atom, and � and � 0 two logic program contexts where
� 0 2 Solution(�) . Thethefollowing resultshold:

1. Deciding whethera is irrelevant to P in � is coDP-
complete;

2. Deciding whether a is (� ; � 0) i -irrelevant is coDP-
complete.

Proof: (Sketch) We describe the main idea of proving
the hardnesspart of Result1. a is irrelevant to P in � if
(1) � j= a if f SForgetLP(� ; P) j= a, or (2) � j= a if f
WForgetLP(� ; P) j= a. Here we considercase(1) and
proof for case(2) is the same. Let (� 1; � 2) be a pair of
CNFs,where� 1 = f C1; � � � ; Cm g and� 2 = f C0

1; � � � ; C0
n g,

and eachCi and C0
j (1 � i � n, 1 � j � n) are sets

of propositional literals respectively. We also assume
Atom(� 1) \ Atom(� 2) = ; . We know that deciding
whether � 1 is satis�able or � 2 is unsatis�able is coDP-
complete[Papadimitriou,1994]. We constructa program�
polynomially basedon setAtom(� 1) [ Atom(� 2) [ X̂ [
Ŷ [ f l1; � � � ; ln ; p;a; sat� 1 ; unsat � 1 ; unsat � 2 g, whereany
two setsof atomsaredisjoint and jX̂ j = jAtom(� 1)j and
jŶ j = jAtom(� 2)j. � consistsof four groupsof ruleswhere
atomp only occursin � 4:
� 1: rulesto generateall truthassignmentsof � 1 and� 2;
� 2: rulesto derive unsat � 1 andunsat � 2 if � 1 and� 2 are
unsatis�ablerespectively;
� 3: rulesto forcea truth assignmentof � 2 making: � 2 true
if unsat � 2 is derivablefrom � ;
� 4 contains4 rules: sat� 1  not unsat � 1 , a  sat� 1 ,
unsat � 2  not a, p  .
Thenwecanprovethat� 1 is satis�ableor � 2 is unsatis�able
if f (� j= a andSForgetLP(� ; f pg) j= a) or (� 6j= a and
SForgetLP(� ; f pg) 6j= a). �

Finally, the following theoremsummarizesmajor com-
plexity resultsof con�ict solvingin logic programcontexts.

Theorem6 Let � = (� 1; � � � ; � n ) and � 0 = (� 0
1; � � � ; � 0

n )
be two logic program contexts, where for each � i =
(� i ; Ci ; F i ) 2 � (1 � i � n), � 0

i 2 � 0 is of the form
� 0

i = (� 0
i ; Ci ; F i ), where � 0

i = SForgetLP(� i ; Pi ) or
� 0

i = WForgetLP(� i ; Pi ) for somePi � F i .

1. Decidingwhether� hasa preferredsolutionisNP-hard;

2. Decidingwhether� 0 is a solutionof � is NP-complete;

3. Decidingwhether� 0 is a preferred solutionof � is in
� P

2, if strongandweakforgettingsin � canbecomputed
in polynomialtime1;

1In our full paper, wehaveclassi�edcertainclassesof logic pro-
gram contexts, wherefor each� i = (� i ; Ci ; F i ) 2 � andeach
Pi � F i , SForgetLP(� i ; Pi ) andWForgetLP(� i ; Pi ) canalways
becomputedin polynomialtime.

4. For a given atom a, decidingwhetherfor each � 00 2
Solution(�) , � 00j= i a is in � P

2, if strongandweakfor-
gettingsin � canbecomputedin polynomialtime.

6 Conclusions
In this paper, we de�ned notionsof strongandweakforget-
tingsin logic programs,which maybeviewedasananalogy
of forgetting in propositionaltheories. Basedon theseno-
tions, we developeda generalframework of logic program
contexts for con�ict solvingandstudiedtherelatedsemantic
andcomputationalproperties.

Ourworkpresentedin thispapercanbeextendedin several
directions.Oneinterestingtopic is to associatedynamicpref-
erencesto setsof forgettableatomsandcomponentsin logic
programcontexts, so that the extendedframework is more
�e xible to handletask-dependentcon�ict solving.
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