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Abstract— This paper proposesa framework for automati-
cally evolving constraint satisfaction algorithms using genetic
programming. The aim is to overcome the dif�culties associ-
ated with matching algorithms to speci�c constraint satisfaction
problems. A representation is intr oduced that is suitable for
genetic programming and that can handle both complete and
local search heuristics. In addition, the representationis shown to
haveconsiderablymore �exibility than existingalternatives,being
able to discover entirely new heuristics and to exploit synergies
betweenheuristics. In a preliminary empirical study, it is shown
that the new framework is capable of evolving algorithms for
solving the well-studied problem of booleansatis�ability testing.

I . INTRODUCTION

The notion that a universallyeffective problemsolver may
still exist, and is simply waiting to be found, is slowly being
abandonedin thelight of a growing bodyof work reportingon
the narrow applicability of individual heuristics.A heuristic's
successon oneparticularproblemis not ana priori guarantee
of its effectivenesson another, structurallydissimilarproblem.
In fact, the “no free lunch” theorems[1] hold that quite
the opposite is true, assertingthat a heuristic algorithm's
performance,averagedover the set of all possibleproblems,
is identical to that of any other algorithm. Hence,superior
performanceon a particular classof problem is necessarily
balancedby inferior performanceon the set of all remaining
problems.

Adaptive problemsolving aims to overcomethesedif�cul-
ties by employing more than one individual heuristic,or by
providing the facility to modify heuristicsto suit the current
problem.More generally, an adaptive systemcan be consid-
eredto embodya spaceof possibleheuristics.As the search
progresses,information gatheredabout the structureof the
problemor theef�cacy of thevariousheuristics,is usedby the
systemto explore the spaceof possibleheuristicsand locate
the one most applicableto the current problem. In addition
to overcomingthe limitations imposedby a single heuristic,
an adaptive systemremoves the need for the developer to
determinethe mostappropriateheuristicbeforehand.

Despitethis, muchof the researchinto adaptive algorithms
hasconcernedtheidenti�cation of which heuristics,from a set
of completelyspeci�ed heuristics,are bestsuitedfor solving
particularproblems.Heuristicsin thesemethodsaredeclared
a priori , basedon the developer's knowledgeof appropriate
heuristicsfor theproblemdomain.This is disingenuous,in that
it assumesknowledgeof the mostappropriateheuristicsfor a
given problem,when the very motivation for using adaptive

algorithmsis thedif�culty associatedwith matchingheuristics
to problems.

Existing work on adaptive algorithmswill be discussedin
sectionII, beforea new representationthat overcomesthese
dif�culties is presentedin sectionIII. An exampleof its use,
andhow it hasbeenextendedwith compoundheuristics,will
be presentedin sectionsIV and V respectively. How the
searchspaceof algorithmsmay be exploredandexpandedis
describedin sectionsVI andVII, followedby thepresentation
of experimentalresultsin sectionVIII.

I I . BACKGROUND

One paradigm that has proven particularly popular for
representing�nite domainproblemsis that of the constraint
satisfactionproblem(CSP).All CSPsarecharacterisedby the
inclusionof a �nite setof variables;a setof domainvaluesfor
eachvariable;anda setof constraintsthatareonly satis�edby
assigningparticulardomainvaluesto the problem's variables.
Whilst a multitudeof algorithmshave beenproposedto locate
solutions to such problems,this paper focuseson methods
that can adaptto the particularproblemthey are solving. A
numberof previously proposedadaptive methodswill �rst be
discussed.

The MULTI-TAC systemproposedby Minton [2], [3] is
designedto synthesiseheuristics for solving CSPs. Such
heuristicsareextrapolatedfrom “meta-level theories”i.e.basic
theories that describepropertiesof a partial solution to a
CSP. The theoriesexplicated for usewith MULTI-TAC lead
primarily to variableandvalueorderingheuristicsfor complete
(backtracking)search.Explorationis by wayof abeamsearch,
designedto control the numberof candidateheuristicsthat
will beexamined.Unlike someof theotheradaptive methods,
MULTI-TAC is ableto learnnew heuristicsfrom basetheories.

Theuseof chainsof low-level heuristicsto adaptto individ-
ualproblemshasalsobeenproposed.Two suchsystemsarethe
Adaptive ConstraintSatisfaction (ACS) systemsuggestedby
Borrett et al. [4] andthe hyper-heuristicGA systemproposed
by Han and Kendall in [5]. ACS relies on a pre-speci�ed
chain of algorithms and a supervising “monitor” function
that recogniseswhen the currentheuristic is not performing
well and directs the searchto advanceto the next heuristic
in the chain. In contrastto a pre-spec�edchain, the hyper-
heuristicsystemevolvesa chain of heuristicsappropriatefor
a particularproblemusing a geneticalgorithm.Although [4]
exclusively consideredcompletesearchmethods,their work



would precludethe useof chainsof local searchalgorithms
instead. The same can be said vice versa for [5] which
consideredchainsof local searchheuristics.

Gratch and Chien [6] proposean adaptive searchsystem
speci�cally for schedulingsatellitecommunications,although
the underlyingarchitecturecould addressa rangeof similar
problems.An algorithm is divided into four seperatelevels,
eachin needof a heuristicassignment.All possibilitiesfor a
particularlevel aresearchedbeforea commitmentis madeto
a particularone,andthe searchproceedsto the next level. In
this way, thespaceof possiblemethodsis prunedandremains
computationally feasible. Unfortunately such a method is
unable to recognisesynergies that may occur betweenthe
variouslevels.

Thepremiseof Nayerek's work [7] is thata heuristic's past
performanceis indicative of its future performancewithin the
scopeof the samesub-problem.Eachconstraintis considered
a sub-problem,and has a cost function and a set of associ-
ated heuristics.A utility value for eachheuristic recordsits
past successin improving its constraint's cost function, and
providesanexpectationof its futureusefulness.Heuristicsare
in no way modi�ed by the system,and their associationto
a problem's constraintsmust be determineda priori by the
developer.

In [8], Epstein et al. proposedthe Adaptive Constraint
Engine(ACE) asa systemfor learningsearchorderheuristics.
ACE is ableto learnthe appropriateimportanceof individual
heuristics (termed “advisors”) for particular problems.The
weighted sum of advisor output determinesthe evaluation
orderof variablesandvalues.ACE is only applicablefor use
with completesearch,as a traceof the expandedsearchtree
is necessaryto updatethe advisorweights.

With the exceptionof MULTI-TAC, the primary limitation
of thesemethodsis their inability to discover new heuris-
tics. Although ACE is able to multiplicatively combinetwo
advisorsto createa new one, it is primarily, like Nayarek's
work, only learning which heuristicsare best suited to par-
ticular problems.Neither[6], which learnsa problem-speci�c
conjunctive combinationof heuristics,nor [5], which learns
a problem-speci�corderingof heuristics,actually learnsnew
heuristics.

A secondarylimitation of the methodsdiscussed(specif-
ically those of [3], [6]) is their inability to exploit syner-
gies. Heuristicsthat perform well in conjunctionwith other
methods,but poorly individually, will not be identi�ed by
the two methods.A discussionof synergies is not applicable
to the remainingmethods,except for [5] where the use of
a genetic algorithm permits the identi�cation of synergies.
Other factors that should be mentionedinclude the ability
of the methodsto handle both completeand local search;
the maximum complexity of the heuristics they permit to
be learned;and whetherthe methodsare able to learn from
failure.How thenew representationandgeneticprogramming
will addressthesepoints will be discussedin the following
sections.

I I I . A NEW REPRESENTATION FOR CSP ALGORITHMS

A constraintsatisfaction algorithm can be viewed as an
iterative procedurethat repeatedlyassignsdomain valuesto
variables,terminatingwhen all constraintsare satis�ed, the
problemis proven unsolvable,or the availablecomputational
resourceshave been exhausted.How the values and the
variablesarechosendependson theheuristicsof theparticular
algorithm. Such a heuristic algorithm can be de�ned in the
new representationby the speci�cationof threefunctions:the
move contentionfunction; the move preferencefunction; and
the move selectionfunction.

ALGORITHM
�

CONTEND some-moves-to-consider;
PREFERmoves-according-to-some-metric;
SELECTone-move-to-enact

�

Fig. 1. Representationof a constraintalgorithm

Each move is passedin sequenceto the move contention
function to determinewhich moves(assignmentsof valuesto
variables)areto befurtherconsideredby thesearchalgorithm.
Examplesof this type of function are:“all movesthat involve
unsatis�ed constraints”;“all moves that haven't been taken
recently”; or “all movesinvolving unassignedvariables”.The
resultantlist of movesis thenpassedonemoveat a time to the
move preferencefunction,which assignsa numericpreference
valueto eachmove.Examplesof preferencefunctionsinclude:
“the count of unsatis�ed constraints”; “the time since this
movewaslasttaken”; or “the maximallyconstrainedvariable”.
Oncepreferencevalueshavebeenassigned,themoveselection
functionusesthe preferencevaluesto chooseonemove from
the contentionlist to enact.Somecommonly usedselection
functionsare “a randomselectionfrom the bestmoves” and
“a randomselectionfrom improving moves”.

The example functions mentionedhave beendrawn from
both the local and completesearchdomainsto demonstrate
thatthattheproposedrepresentationis applicableto bothtypes
of search.Both backtrackingand local searchalgorithmsfor
constraintsatisfaction can be viewed as iteratively assigning
valuesto variables.Thetraditionaldifferencebetweenthetwo
methodsis thatbacktrackingsearchinstantiatesvariablesonly
up to thepoint whereconstraintsareviolated,whereasall vari-
ablesare instantiatedin local searchregardlessof constraint
violations.As backtrackingmaintainsa completerecordof its
search,it is capableof exploring theentiresearchspace.Local
searchroutinesrarely recordsomuchinformation,selectinga
promisingnew solutionfrom theneighbourhoodof thecurrent
solutionon the basisof a heuristicfunction.

Despitethesedifferences,at every iteration both types of
searchmake two decisions:“What variablewill beinstantiated
next?” and “Which value will be assignedto it?”. Although
the representationis capableof handling complete search
algorithms,overcomingoneof thelimitationsof someexisting



work, therestof thepaperwill concentrateon its usefor local
searchmethods.

IV. THE REPRESENTATION IN OPERATION

A demonstrationof the representationin operation will
be presentedusing the well-known GSAT algorithm [9] and
referenceto a small graph colouring problem. GSAT was
selectedbecauseit is widely known, relatively simple,andwas
instrumentalin the developmentof local searchfor constraint
satisfaction.Figure2 presentstheGSAT algorithmin thenew
representationand the graph colouring problem is shown in
Figure3.

GSAT
�

CONTEND all-moves-for-unsatis�ed-constraints;
PREFERmoves-on-total-constraint-violations;
SELECTrandomly-from-minimal-cost-moves

�

Fig. 2. Representationof the GSAT algorithm

The aim of the problemis to �nd an assignmentof colours
to eachof the threecountries,suchthat no countriessharing
a border are colouredthe same.For this problem, there are
3 variables(the three countries);3 domain values for each
variable(thecoloursblack,grayandwhite); and3 constraints
(for the three contiguous borders). Local search is being
considered,so theproblembeginswith a randominstantiation
of values to variables that has resulted in one constraint
violation, asshown in Figure3.

A. Step1 - Move Contention

Move contention determineswhich moves are currently
available for the searchalgorithm.All movesare considered,
being passedin sequenceto the GSAT heuristic that returns
True if (and only if) the move involves a variable in an
unsatis�edconstraint.In this case,this heuristicreturnsTrue
for the variables� and � . The possiblemovesare:

1) �������
	���


2) �������������

3) ��������	���


4) �������������

Thesepotentialmovesare now passedto the move prefer-
encestageof the algorithm.

Fig. 3. A graphcolouringproblem

B. Step2 - Move Preference

Move preferenceinvolvesassigningto eachof thecontend-
ing movesa numericvalue representinghow well that move
satis�es a particularmetric. GSAT ranksmovesaccordingto
the total numberof constraintsthat would be unsatis�ed if
eachmove was taken. The numberof constraintsthat would
be unsatis�ed for eachof the four contendingmoves is as
follows:

1)
���������������! 

2)
�"�����������#�$ 

3) �����%��	���
&��'

4) �"�����
	���
(�)'

The moves and their preferencevaluesare now passedto
the �nal stageof the algorithm.

C. Step3 - Move Selection

Move selectionusesthe resultsof the preferencestageto
selecta move to enact.GSAT makesa randomselectionfrom
amongstthe (two) bestmoves,which in this case,both lead
to a satisfyingsolution.After enactingthis move, theproblem
is solved andthe algorithmterminates.

V. COMPOUND HEURISTICS

A numberof publishedlocal searchalgorithmscanbeposed
in therepresentationasit hasbeendescribedsofar. A selection
of thesealgorithms are listed in Table I. Some algorithms
however, arenotableto beposedin suchsimpleterms.For this
reason,threecompoundheuristicsarepresented:probabilistic
choice; possibilisticchoice; andcomparative choice.

A. Probabilistic choice

Probabilistic choice is employed by the WSAT heuristic
[10]. Insteadof applyinga singlestrategy, probabilisticchoice
allows two seperatealgorithmsto be used.One of the two
algorithmsis selectedprobabilisticallyfor useeachturn. This
introducesan elementof randomnessthat may assista search
in escapinga local minimum.

B. Possibilisticchoice

Possibilisticchoiceoccursin a numberof algorithms(such
asDLM [11]), that repeatedlyusea singlealgorithmuntil it is
no longerable to be applied.As an example,the searchmay
operatein a greedymanneruntil no improving moves exist.
Whenan improving move is no longerpossible,thealgorithm
may begin making randomor cost neutralmoves that would
not normally be accepted.Possibilisticchoice requiresthree
algorithmsasarguments,only if the �rst algorithmis possible
is thesecondalgorithmenacted.Otherwisethethird algorithm
will be used.Thereis no restrictionthat all algorithmsmust
be distinct.



C. Comparative choice

Comparative choice has been used by the Novelty [12]
family of algorithms,andreferencesfour differentalgorithms
as arguments.The moves that would be taken by the �rst
two speci�ed algorithmsare compared,in the caseof Nov-
elty, theseare the “best” move and the most “recent” move
algorithms.If both algorithmswould make the samemove,
the third algorithmis enacted,otherwisethe fourth algorithm
would be used.

In Novelty, the CONTEND heuristicrequiresthe selection
of a randomconstraint(seeTableI), which recursthroughout
the algorithm.This createsan ambiguity:eithereachinstance
of CONTEND randomlypicks its own constraintor a single
randomly selectedconstraint applies to all instances(for
Novelty, thesameconstraintdoesapply to all instances).This
ambiguity could be removed by enforcing the rule that all
duplicationsof a given heuristic(within the samealgorithm)
becomeexact copiesof a single underlyingheuristic.Hence,
if a random choice is made, it will be the same for all
versions.Alternatively, theexpressiontreescouldbetreatedas
directedacyclic graphs,sothatonly particularduplicationsare
equivalent1. An algorithmwould not be restrictedto a single
instanceof eachheuristic,allowing for caseswheredifferent
evaluationsmight be desired.Determiningwhich of the two
methodsis mostappropriateis an ongoingareaof research.

VI . ADAPTING ALGORITHMS

The aim in developing a new representationhas been to
provide a framework for the adaptationanddiscovery of new
algorithms.One of the underlying premisesof this work is
thata representationcapableof expressingthediverserangeof
currentalgorithms,without dictating their explicit de�nition,
implies a suitable level of complexity for new algorithms.
Precedingsectionshavedemonstratedthattherepresentationis
capableof handlingthe level of complexity presentin existing
algorithms.

One methodthat hasbeenproposedfor discovering solu-
tionswhentheform of thesolutionis notpre-determined(or is
unknown) is geneticprogramming[13]. Geneticprogramming
usesa dynamic, tree-baseddata structure to overcomethe
limitation of the linear (andoften �x ed length)datastructures
used by genetic algorithms.As a brief example of genetic
programming,considerregressingsomedatato a linear func-
tion, *,+.-/� . Providing that thedatais from a linear function,
regressionrequiresthe determinationof valuesfor * and � .
Using a geneticalgorithm, * and � would entirely comprise
the chromosome,andwe arelimited to discoveringequations
of a linear form. Alternatively, a geneticprogramfor thesame
purposewould allow the sametwo constants* and � but
possibly more, the argument + and the operators-1032 to
form part of the solution. Theseare combinedby genetic
programminginto anexpressiontreerepresentingthefunction
to be learned.Where the genetic algorithm is restrictedto

1The authors would like to acknowledge the input of Peter Stuckey,
University of Melbourne,for this suggestion.

GSAT 4 CONTEND all-moves-for-unsatis�ed-constraints;
PREFERmoves-on-total-constraint-violations;
SELECTrandomly-from-minimal-cost-moves 5

HSAT 4 CONTEND all-moves-for-unsatis�ed-constraints;
PREFERon-left-shifted-constraint-violations-+-recency;
SELECTminimal-cost-move 5

TABU 4 CONTEND all-moves-not-taken-recently;
PREFERmoves-on-total-constraint-violations;
SELECTrandomly-from-minimal-cost-moves 5

WEIGHT- 4 CONTEND all-moves-for-unsatis�ed-constraints;
ING PREFERmoves-on-weighted-constraint-violations;

SELECTrandomly-from-minimal-cost-moves 5

WSAT 4 PROBABILISTIC
4 CONTEND all-moves-for-a-random-constraint;
PREFERmoves-on-new-constraint-violations;
SELECTrandomly-from-minimal-cost-moves 5 ;

4 CONTEND all-moves-for-a-random-constraint;
PREFERmoves-on-new-constraint-violations;
SELECTrandomly-from-all-contenders 5

NOVELTY 4 COMPARATIVE 4

IF 4 CONTEND all-moves-for-a-random-constraint;
PREFERmoves-on-total-constraint-violations;
SELECTrandomly-from-minimal-cost-moves 5

== 4 CONTEND all-moves-for-a-random-constraint;
PREFERmoves-on-recency-of-move;
SELECTrandomly-from-minimal-cost-moves 5 ;

THEN 4 PROBABILISTIC 4

4 CONTEND all-moves-for-a-random-constraint;
PREFERmoves-on-total-constraint-violations;
SELECTrandomly-from-minimal-cost-moves 5 ;

4 CONTEND all-moves-for-a-random-constraint;
PREFERmoves-on-total-constraint-violations;
SELECTfrom-second-lowest-cost-moves 565 ;

ELSE 4 CONTEND all-moves-for-a-random-constraint;
PREFERmoves-on-total-constraint-violations;
SELECTrandomly-from-minimal-cost-moves 5

565

TABLE I

TABLE OF WELL-KNOWN LOCAL SEARCH HEURISTICS

learning�rst-order polynomials,thismethodhastheadvantage
of beingable to learna rangeof polynomial functions.

Adaptationof a geneticprogramtakes place using meth-
ods analagousto those employed in a genetic algorithm
for selection,cross-over and mutation, except that the GP
variantsaredesignedto operateon trees,ratherthan a string
of symbols. An example of a heuristic representedas an
expressiontree is diagrammedin Figure 4. The selection
operationis very similar, as the �tness of tentative solutions
muststill beevaluatedto determinewhich solutionswill beget
the next generation.Cross-over operatesdifferently than in
the standardGA, selectinga randomsubtreefrom each of
two parent solutions and interchangingthem to createtwo
new solutions.Finally, mutationin a geneticprogramcreates
a new solution by replacingan existing subtreewith a new,
randomly-generatedone.

Geneticprogrammingaddressesthe remaining limitations
identi�ed in existing work. Synergies can be exploited, as
individualsarenot removedfrom thepopulationasa resultof
poorperformance.As individualsareselectedprobabilistically
to participatein cross-over, individuals that have performed
poorly on their own may still form part of a subsequent



generation.The other limitation of someexisting approaches
is their inability to learn from failure. Even if an algorithm
doesnot locateany solutions,informationabouthow closeit
cameto solutionsor how muchof thesearchspaceit explored
canform part of a �tness function.

Algorithms in the proposedrepresentationare adaptedby
geneticprogrammingoperationsthat must preserve the syn-
tactic structureof the original algorithm. This is easily ac-
complishedwith both the cross-over andmutationoperations.
In cross-over, only similarly-typedstructuresfrom two parents
maybeinterchanged.All functionsandterminalsthatcompose
the three different heuristicsalso have associatedtypes that
must be preserved. This is always preserved by any genetic
operationthat operateson an algorithm.

Thealgorithmslisted in TableI weredescribedusingeasily
recognisableEnglish descriptionsof their heuristics.If the
genetic operatorswere unable to decomposeheuristicsany
further thanthesedescriptions,it couldstill explorea bounded
spaceof algorithmssimply by interchangingthe component
heuristics.The aim of this work is to develop new heuristics
by combining individual functions and terminals in novel
ways.This requiresthat heuristicsbe broken down into their
componentparts.Thespaceof heuristicscanthenbeexpanded
by combining thesefunctions and terminalswith a number
of generic functions. The more detailedexpressionsbehind
the Englishdescription,will now be presentedfor the GSAT
algorithmasan example2.

Contentionin GSAT passesevery move currently possible
to the “InUnsatis�ed” function,which returnsbooleanTrue if
the move will be in contentionor Falseif the move is not to
be consideredfurther. This function canbe expressedin more
detail as:“num-constraints-that-would-be-satis�ed(move)7 0”.

The GSAT algorithm prefers “moves-on-total-constraint-
violations”. Preferenceassignsto eachmove in thecontention
list a numeric value, which in the case of GSAT, is the
differencebetweenthenumberof constraintsthatwill become
satis�ed by a particularmove and the numberof constraints
that will becomeunsatis�ed.The expressionfor this function
is “NumWillSatisfy(move) - NumWillUnsatisfy(move)”. It is
shown asan expressiontree in Figure4.

Move

NumWill
Unsatisfy

Move

NumWillSatisfy

Minus

Fig. 4. The GSAT preferenceheuristicasan expressiontree

2Readersmay at this stagewish to refer to the tablesof functions and
terminalsfor thethreecomponentheuristics,whicharepresentedin TablesIV-
VI at the endof this paper.

The selection heuristics have not yet been modelled in
suf�cient detail that they could be adaptedthroughcross-over
or mutation.However, four different selectionheuristicsare
listed in TableV. Selectionheuristicscanstill be represented
asexpressiontrees,only thesetof functionsandterminalshas
currentlybeenlimited, suchthat only a �x ed setof heuristics
is possible.

VI I . LEARNING NEW HEURISTICS

The previous section has describedhow heuristics may
be representedas expressiontreesthat can then be adapted
with geneticprogramming.Although the setof functionsand
terminalsis �x ed for all heuristics,the presenceof a mixture
of functions(suchas“AND”, “OR” and“NOT” for contention
and“PLUS”, “MINUS” and“TIMES” for preference)permit
a rangeof new heuristicsto be learned,as well as existing
heuristicsto be combinedin novel ways. No limit is placed
on thecomplexity (size)of thealgorithmsthatmaybelearned,
whichwill varydependingon the�tness offeredby suchlevels
of complexity. The ability of this representationto learnnew
algorithmsandwithout an a priori complexity boundaddress
the two remaininglimitations identi�ed from the literature.

It is believed that a further level of “granularity” may be
exploited, whereappropriatefunctionsand terminalsare not
speci�ed, but are insteadlearnedfrom a much more �nely
grainedmeta-knowledgeof aconstraintsystem.This is beyond
the scopeof the currentpaper, but will form the basisof our
future work into evolving algorithms.The experimentalstudy
presentedin the next sectionwill be limited to the function
and terminalsetstabulatedin TablesIV, V & VI.

VI I I . EXPERIMENTAL STUDY AND RESULTS

An initial experimentalstudyhasbeenconductedto testthe
ability of the new representationandgeneticprogrammingto
successfullyevolve heuristic expressiontrees.This study is
theprecursorto a moredetailedandextensive studyto bepre-
sentedin futurework. Performingmultiple runsof a constraint
algorithm is a time-consumingtask,and adaptingalgorithms
with a methodsuchasgeneticprogrammingis even moreso,
astheperformanceof anentirepopulationof algorithmsmust
beevaluated.Thechallengesfacinganevolutionaryalgorithm
with a computationallyintensive �tness function cannot be
overstated.It is not the authors' intention to demonstratethat
this methodcanimmediatelygeneratealgorithmscompetitive
with state-of-the-artconstraint satisfaction algorithms. The
object of this exploratory study is to demonstratethat from
a randomstartingpopulation,an evolutionary techniquecan
improve a populationof algorithms' performanceover time,
within the framework of the presentedrepresentation.

Algorithm performanceis mostoften presentedin the con-
straint literaturein termsof the numberof movesrequiredto
�nd asolutionor in termsof thetimetakento locateasolution.
Resultsare averagedover a number of attempts,as many
heuristicalgorithmsemploy an elementof randomnesswhen
navigating the searchspaceas well as randomly initialising
their solution vector. This randomnessmakes the algorithms



non-deterministic,and a single, possibly “lucky”, run is not
necessarilyindicative of an algorithm's performance.For this
reason,�gures presentedfor the time or number of moves
requiredto locatea solution are averagedover a numberof
trials.

Population Composition
PopulationSize 100
Copiedfrom previous generation 25
Randomlyselectedandcrossed-over 70
New elementsgenerated 5
Elitism Yes
Evaluation of Algorithm Fitness
F= 8�9;:=<�>=:=?@>@A;BDCD>FEHGI<JBK:�9�LNMD<JBK9H?O:�AP<Q9�BDRTSVUXWKY@Y[Z\8J]Q^�^�COBDB`_a:�9;CDR

TestProblem uf20-01.cnf
Numberof runsfor eachalgorithm 25
Maximum movesper run 10000
Numberof movesrequiredby state-of-the-art 24b

Numberof generations 75

TABLE II

EXPERIMENT CONDITIONS

An initial randompopulationof algorithmswas generated
and the �tness of eachmemberevaluated.One of the �tness
measuresbeing usedis the fewest constraintviolations that
the algorithm was able to achieve during its search.This is
averagedover all runsof an algorithm and then standardised
(in the usual geneticprogrammingsense)to the worst per-
forming elementof the population.The second�gure is the
numberof times that the algorithm found a solution. scaled
between(1-100),which rapidly becomesthedominantpart of
the�tness function,astheproblemhaslessthat100constraints
that to be unsatis�ed. This �tness functionis presentedin
Table II. The constraint problemselectedfor this test is a
randomly generatedsatis�ability problem with 20 variables
and91constraints,availablefrom theSATLIB benchmarkset3.
Themaximumnumberof moves(per run) thateachalgorithm
is given is well in excessof the numberrequiredby state-of-
the-artalgorithms4.

The three heuristicsthat composeeachalgorithm are not
permittedto “inter-breed”.That is, contentionheuristicsmay
only be crossedwith other contentionheuristicsand so on.
Which of the threeheuristicsare crossedis determinedran-
domly, andmorethanoneof theheuristicsmaybecrossedin a
singlecross-over operation.Although new selectionheuristics
cannot be learneddue to the limited set of functions and
terminalsspeci�ed, cross-over can swap selectionheuristics
betweentwo algorithms,pairing eachselectionheuristicwith
a differentcontentionandpreferencecombination.

Experimental results are shown in Table III, Figure 5
(averagesuccessof the population)and in Figure7 (the best
performanceof any individualalgorithm).Theuseof elitismto
convey the bestperformingelementsof onegenerationto the
next would generallylimit the amountof noisepresentin the
results,andprovide a monotonicallyincreasing“best” �tness.

3http://www.satlib.org
4Determinedusing the SAPSweightingalgorithmof [14]

In theseresults however, the evaluation of each algorithm
from generationto generation,is in itself a stochasticprocess.
Only a relatively small numberof runswasperformedwhich
is insuf�cient to remove all of the noise introducedby the
inherentrandomnessof the algorithms.

Generation Mean Mean BestTurns Total
Success Unsatis�ed to Solution Diversity

Constraints (Percent)
Problem:uf20-01.cnf

0 11.4% 5.01 374 100%
9 66.3% 1.37 166 61.2%

19 84.4% 0.97 136 67.3%
29 85.9% 0.41 103 71.4%
39 84.5% 0.55 76 59.2%
49 87.2% 0.54 60 59.2%
59 90.9% 0.46 60 44.9%
69 94.2% 0.22 54 46.9%
74 89.1% 0.35 61 55.1%

TABLE III

RESULTS OF ALGORITHM EVOLUTION
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Fig. 5. Successrate improvementover time

Despite occasionaldecreasesin the best �tness of the
population, a steady improvement in performancecan be
observed up until convergenceoccurredat aroundgeneration
50. At this point, the population had converged to a very
small subsetof the available functionsand terminals.A total
of 49 functions and terminalswere presentedin TablesIV-
VI. The best performing algorithmsusedonly combinations
of the “InRandom”, “WontUnsatisfy” and “Or” contention
functions, with either “NumWillSatisfy” or “SumConstrain-
tAges” as a preferencefunction and either “RandomFrom-
Maxmimum” or “RandomFromPositive” used for selection.
Only the contentionfunctions tendedto grow signi�cantly,
with sizabletrees(morethan50 nodeseach)composedsolely
of the three contention functions mentioned.However, the
natureof the “OR” functionmeansthatany further expansion
beyond “InRandom OR WontUnsatisfy” does not alter the



operationof the heuristic. The cumulative genetic diversity
of the population is shown for both the initial and �nal
generationsin Figure6. As canbeseenfrom this �gure, most
of thebestperformingindividualsin the �nal populationwere
drawn from a very small subsetof the availablefunctionsand
terminals.
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Fig. 6. Cumulative populationdiversity for initial and �nal generation

The performanceof the bestindividual algorithmimproved
by a factorof 6 betweengeneration0 andgeneration74. Dur-
ing thesameperiod,theaveragesuccessrateof thepopulation
hadrisenfrom 11%to over90%.Bestperformanceis themore
importantmeasure,however asthis re�ects an undeniableim-
provementin the system,whereasaverageperformacecanbe
increasedsimply by removing poorly performingindividuals
anddoesnot necessarilyre�ect an improvementin individual
algorithms.The lowestnumberof movesrequiredto locatea
solution is plotted againstgenerationin Figure 7. From this
diagramit is clearthatevenfrom a relatively poorperforming
initial start, the proposedalgorithm representationusedwith
geneticprogrammingallowssigni�cantly improvedalgorithms
to be evolved.

IX. CONCLUSIONS AND FUTURE WORK

This paper has introduceda new representationfor con-
straint satisfaction algorithmsthat can model both complete
and local search methods. It has further shown how the
applicationof geneticprogrammingto the new representation
can evolve effective constraintsolving algorithms,while at
the time time addressingsomeof the limitations of existing
methods (such as learning new algorithms and exploiting
synergies).

Futurework will concentrateon a muchlargerexperimental
study;theinclusionof compoundheuristicsin thegenome;and
a determinationof the most appropriatemethodof handling
multiple instancesof a single heuristic. Even with a �x ed
set of functions and terminals, albeit one large enough to
be combined in many novel ways, a random initial and
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Fig. 7. Minimum turnsrequiredto locatea solution

poor-performing population of algorithms was signi�cantly
improvedby theapplicationof geneticprogrammingoperating
within the presentedrepresentation.
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Functions for use in Contention Heuristics
InUnsatis�ed Move c Bool
True iff Move is in an unsatis�edconstraint
WontUnsatisfy Move c Bool
True iff Move won't unsatisfyany constraints
MoveNotTaken Move c Bool
True iff Move hasn't beenpreviously taken
InRandom Move c Bool
True iff Move is in a persistentrandomconstraint.
The constraintis persistentthis turn only.
AgeOverInt Move c Integer c Bool
True iff this Move hasn't beentaken for Integer turns.
RandomlyTrue Integer c Bool
RandomlyTrue Integer percentof the time
And, Or Bool c Bool c Bool
The booleanAND andOR functions.De�nition asexpected
Not Bool c Bool
The booleanNOT function. True iff its input is False.

Terminals for use in Contention Heuristics
Move Move
The move currentlybeingconsideredfor contention.
NumVariables Integer
The numberof variablesin the currentproblem.
True, False Bool
The booleanvaluesTrue andFalse.
10, 25, 50, 75 Integer
A selectionof integer values.

TABLE IV

FUNCTION AND TERMINAL SETS FOR CONTENTION

Functions for use in SelectionHeuristics
RandomFromMaximum ListOfMoves c ListOfCosts c Move
A randomselectionfrom the maximumcostmoves.
RandomFromMinimum ListOfMoves c ListOfCosts c Move
A randomselectionfrom the minimum costmoves.
RandomFromPositive ListOfMoves c ListOfCosts c Move
A randomselectionfrom positive costmoves.
RandomFromAll ListOfMoves c ListOfCosts c Move
A randomselectionfrom all moves

Terminals for use in SelectionHeuristics
ListOfMo ves ListOfMoves
The list of movesdeterminedby the Contentionstage.
ListOfCosts ListOfMoves
The accompanyng list of costsdeterminedby the Preferencephase.

TABLE V

FUNCTION AND TERMINAL SETS FOR SELECTION

Functions for use in PreferenceHeuristics
AgeOfMove Move c Integer
Returnsthe numberof turnssinceMove last taken.
NumWillSatisfy Move c Integer
Returnsthe numberof constraintsthat will be satis�ed by Move.
NumWillUnsatisfy Move c Integer
Returnsthe numberof constraintsthat will be unsatis�edby Move.
Degree Move c Integer
SinceeachMove concernsa singlevariable,Degreereturnsthe
numberof constraintsthis Move (variable)participatesin.
PosDegree Move c Integer
As for Degree,but returnsthe total numberof constraints
that aresatis�ed by a settingof True for this variable.
NegDegree Move c Integer
Oppositeof PosDegree.
DepandantDegree Move c Integer
Returnsthe total numberof constraintsthat this variableparticipates
in that areadditionallysatis�ed by its currentvalue.
OppositeDegree Move c Integer
As for DependantDegreebut for constraintsnot satis�ed by the
variable's currentvalue.
TimesTaken Move c Integer
Returnsthe numberof timesMove hasbeentaken.
SumTimesUnsatis�ed Move c Integer
Returnsthe sumof the the numberof timesall constraintsMove
affects,have beenunsatis�ed.
SumTimesSatis�ed Move c Integer
As above, but for the numberof timesSatis�ed.
SumConstraintAges Move c Integer
For all constraintsMove participatesin, returnsthe sumof the lengths
of time eachconstrainthasbeenunsatis�ed
NumNewSatis�ed Move c Integer
Returnsthe numberof constraintsnot currentlysatis�ed that
will be satis�ed by Move.
NumNeverSatis�ed Move c Integer
Returnsthe numberof constraintsthat have never beensatis�ed that
Move will satisfy.
RandomValue Integer c Integer
Returnsa randomvaluebetween0 and its input-1.
Plus Integer c Integer c Integer
Returnsthe sumof its two input arguments.
Minus Integer c Integer c Integer
Returnsthe subtractionof its two input arguments.
Times Integer c Integer c Integer
Returnsthe productof its two input arguments.
LeftShift Integer c Integer
Returnsits input shifted16 bits higher.

Terminals for use in Contention Heuristics
Move Integer c Integer
The move currentlybeingconsideredfor preference.
NumVariables, NumConstraints Integer c Integer
The numberof variablesandconstraintsin the currentproblem.
NumFlips Integer c Integer
The numberturns that have alreadypassed.
0, 1 Integer c Integer
The integers0 and1.

TABLE VI

FUNCTION AND TERMINAL SETS FOR PREFERENCE


